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Abstract:

A nonlinear output-feedback control strategy is devised using delayed-output observer for an underactuated quadrotor to track a
given reference trajectory. The presented strategy consists of a delayed-output observer. A two-step observation algorithm
is used to reconstruct the system conditions to compose the presented observer. By utilizing the presented strategy, the
problem of time-delay is solved. The dynamic model of the quadrotor is presented firstly. To guarantee that the observation of
the specific delay factors in the system is exponential convergent to zero under the given conditions. The advantages of the
presented strategy are its practicability and extensive applications. Numerical results are presented for a practical tracking case

under arbitrarily large initial and desired conditions.
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1 Introduction

The presented paper pays attention to the problem of
output tracking for quadrotor with the delayed outputs.
Under normal conditions, information between position and
attitude is measured by GPS and inertial measurement unit
(IMU). However there exists time delays between position
information from satellites to aircraft and measurements of
attitude by IMU and GPS. The former can be ignored
because it’s value is small. The main factor is calculation
time by GPS and IMU. The primary difficulty with
controlling quadrotor is that it’s underactuated and
transmitting delayed. Over the last decade, people attempted
to put alternate methodologies into the use of the design of
the quadrotor attitude and trajectory control. With the
mathematical model of which is complex and it’s difficult to
design accurate controller to command it, and quadrotor has
been used in many tasks as search and rescue, building
exploration, security and inspection.Hence, researches
between attitude and trajectory control are significant both
in theory and practice. An integral predictive and nonlinear
robust control strategy to solve trajectory tracking for a
quadrotor has  been presented in  Guilherme
V.Raffol'l. Abdelhamid Tayebi® has developed a new
feedback control based on the compensation of the Coriolis,
gyroscopic torques and the use of PD? feedback algorithm
for exponential attitude stabilization. Erding Altug
presented a visual feedback strategy which used a ground
camera as the primary sensor to estimate the pose(position
and orientation) of the quadrotor. A novel nonlinear
controller was presented in Travis DierksP®! with using
neural networks (NNs) and output feedback in the presence
of this case. The problem studied in Fengjie Gao!®! was to
design an algorithm which utilized the linear extended state
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observer to estimate uncertainties in quadrotor system.
Besides, Lyapunov function was used to design the
backstepping method to compensate for quadrotor
uncertainties while satisfying output tracking error. Hieu
Minh Trinh!” discussed a comprehensive method based on
the design of functional observers for linear systems having
a time-varying in the state variables. The presented method
was characterized by the features of being low-order and
delay free. V Sundarapandian® investigated a math theory
based on reduced order observer for nonlinear systems. The
method studied in this paper possessed attractive features of
being suited to Lyapunov stable nonlinear systems with a
linear output equation, where the error convergence was
established for the reduced order estimator for nonlinear
systems using center manifold theory for flows. En-hui
Zhengl! presented a control method which was applicable
for small quadrotor, based upon second order sliding mode
control (2-SMC). To perform the pose and attitude tracking
control of the quadrotor perfectly, the dynamical model of
quadrotor was divided into two subsystems, a fully actuated
subsystem and an underactuated subsystem.

2 Control Strategy

2.1 Dynamic modeling of a quadrotor

Generally, the dynamic model of the quadrotor is
described by dual coordinate (Inertial coordinate frame and
body coordinate frame) which is shown in Fig 1. Inertial
coordinate frame is used to describe translation motion,
while the body coordinate frame describes rotate motion.
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Fig.1. Inertial coordinate frame and body coordinate frame.

In Fig.1, the characteristic of the quadrotor is presented
by the central symmetry and degustation figure. Four
brushless motors and propellers constitute the power system.
The sequence number of motors have been given in Fig.1.

Among these four motors, motor 1 and 3 operate in the
clockwise rotation, while motor 2 and 4 operate in the
negative rotation. Propellers rotate as the motors to generate

the respective lift force F; (i =12, 3,4) which the quadrotor

needs. When the rotate speeds of motors are equal, the
reaction torques generated by four motors are balanced, the
quadrotor keep balance. In contrast, the generated
unbalanced torques will make the quadrotor rotate. By
changing rotate speeds to change the individual lift force
generated by motors to achieve the goal to change flight
attitude and trajectory eventually. The paper is based on the
crossing flight mode to build the dynamic model, describing
attitude by Euler angles and modeled by Newton-Euler

formula. Define s=[x,y,z,¢,0,¢]TeR° as generalized
coordinates. Where [x,y,z]" describes the position

condition of aircraft, while [¢,9,¢]T describes the attitude
of the aircraft. ¢ is roll angle, € is pitch angle and ¢ is

yaw angle.
The rotation matrix R of translational motion from body
frame B to inertial frame I shown by matrix(1).

R= Rx (¢)Rx (0) RZ ((p)

cpcl  cpsOsp-chsp  cpsOcd+ spsP )
=|cOsp spsOsp+chpcp cPspsO-cpse
-s6 cOs¢g cpcl

The transition matrix T of rotational motion from body
frame B to inertial frame I shown by matrix(2).

1 singtand cos¢gtand
T=|0 cos ¢

0 singsecd cosgsecl

—sing

2

Based on Newton’s second law, the kinetic equation of
translational motion is the following.
mé&= —mge_ +u, Re,
T
Where m is the quality of quadrotor, v= [VX v, vz:|
v, v, v, is respective translational motion velocity along
with axis in the inertial frame. g is gravitational acceleration,

4 4
e, =[0,0,1]" and u, = ZE = K,Z:Q,2 is the total lift force
i=1 i=1

generated by four motors. K, is the comprehensive lift force

coefficient of each propeller. € (i=1,2,3,4) is the rotate
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speed of each motor. And the kinetic equation of rotation
motion is presented as.

J&=-wxJo+t
J. 0 0
Where J=| 0 J, 0 |is inertial matrix. J, is the
0 0 J,

rotational inertia with X axis. J is the rotational inertia of

Y axis. J, is the rotational inertia of Z axis. -wxJo is the
T

gyroscopic effect torque. w=[a7x o, a)Z] » O, 0,,0,18

respectively angle velocity along with axis in the body frame.

7, 1]([(942 _g);)
T=|7,|= lK,(Q32 —le)
T,

@

K, (o +9 -0 -
Where 7 is the total control torque. K, is the

comprehensive resistance coefficient, 7, is roll torque

component, 7, is pitch torque component and 7, is yaw

torque component. / represents the proximity from the
central of quadrotor to the central of trochanter. Eq.(3) is the

dynamic model about [x,y,z]T and [¢,0,¢)]T .
8= ﬂ(cos¢sin6’cosx//+sin gsiny)
m
&0 (cos gsin Osiny —sin gcosy )
m
U
&= —Lcosgcosf—g
m
l
ﬁ—_ J_uz
& Ji

y

&)

1
&7“4

Where, u2 is the roll force, u3 is the pitch force and u4 is
the yaw force.

2.2 Delayed-Output observer design
The paper sets six variables (U,U,U,U,UU; ) which are
shown in Eq. (4) as the virtual controllers.

U, = (cosqﬁsin«9cosgo+sin¢singo)ﬂ
m

S . u,

U, =(cos¢#sin Hsm(a—smgﬁcosgo)—
m

U, =cosg¢cos Hﬂ—g
m

; “
U4 =J—Xuz
/
US =J—yu$
1
U6 :zu4
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Eq. (5) can be given by optimizing Eq.(4)

u :m\/Ulz +U; +(U, -i—g)2
(m .
#, = arcsin (—(U1 sing, —U, cosg, )J
U
0, :arctan( (U, cosgp, +U, sing, )]
u+g %)
J
u, =7"U4
J,
u, =T}U5
u, =J.Ug

Where, ¢d is the desired roll angle, t9d is the desired pitch

angle and @ is the desired yaw angle. The dynamic model
of the quadrotor is rewritten by Eq. (6).
&=U,
&=U,
&=U,
(6)
#eu,
& u,
&=U,
However, there exists time delays in the practical dynamic
model of the quadrotor. Here, we assume time delays
coefficients (4; i = 1,2...6) constants with the reference

paper in Xinhua Wang!'%,
Denote:

X =x% =8y, =y, =%z =z,z, =8
b4 =00 =Fp = 0.0, =&6,=06,6,= &
S, =[x] xz]r S, =[y| yz]r A =[z1 zz]r

S, =14 4] S;=[6 0.] S, =[00,]

A:[g é} H:m, c=[1 0]

Where A is the system matrix , H is the control matrix
and C is the output matrix.

- . Sil (t)
v (1)=CS,(1-A,) i=1,2,3,4,56 (1) {S,»z (IJ
Dynamic model is given by Eq.(7)

$(1)=AS,(1)+HU, (1) i=1,..,6 7
S;(t) is the state vector while U;(t) is the control vector.

The estimated value of S;(¢) as §,(t) and we design the
sub-observers as Eq. (8) and Eq. (9)follows.

$(1)= A8, (1) + HU, (1) + ™k (3, (1) €5, (1-4,)) ®)

i

$(t-0)= A8, (1-A)+ HU, (1-A))

_ R 9
+ki(yi(t)_Csi(t_Ai)) ®
And
k. =
' kiz

Where k; is selected to make A -k,C Hurwitz matrix
and estimate error is presented as Eq. (10).

5,(1)=[8,(1) 8.(0] =[3,()-5.()) $.()-S.(1)]
(10)

Convergence analysis is the following.
ng(t—Ai)=ASi(t—Ai)+HUi(t—Ai) (11)
By Eq.(10) ,we can get Eq.(12).
éc(t_A[):‘éf(t_Ai)_‘S%i(t_Ai):(A_kiC)ai (t_A[)

12)
The solution of Eq. (12) is Eq. (13).

0,(1=A,) =6, (1, - A, ) e ) (13)
Where, t0 is the initial time and é,g‘(t) is vector.
From Eq.(13), there exists positive constants A; and [; such
that the following Eq. (14) is established.
|3 (=8| < 1|3, (2, - A, )| e (14)
Lemma 1.The sub-observers Eq.(8) is equivalent to Eq.

(15).

t
S, () =e™8,(1-A,)+ I "IHU,(7)dr (15)
-4,
Proof. For Eq.(15), after an application of Leibniz integral
rule, we obtain the following equation.

.é;(t) = eAA".é(t - Ai) +A{S‘i () 7eAA".§‘l. (tAl.)}

AAi
+HU (1)-¢ 'HU (1-4,)
=AS,(1)+HU (1)
AA. N
te ! [‘é;(t_Ai)_Asi(t_Ai)_HUi ("Aiﬂ
From there it follows, after rearranging the terms by
Eq.(9), we get the following Eq. (16).
$5(1)= AS, (1) + HU, (1) + ™k, [ 3, (1)~ G5, (1-A,)] (16)
The initial value of Eq. (16) depends on Eq. (9). This
concludes Lemmal.
Theorem 1. For Eq.(7) and the designed sub-observers Eq.

(8) and Eq.(9), there exist positive constants A; and [; such
that the Eq. (17)is established.

lo. (D] = ™ o (- 4,)

Thus, lim 8, (1) = 0= 8, (1) > S, (1)

Proof. For Eq.(7), the following Eq. (18)is obtained.
t

e Hlh) (17)

S,()=e™S,(1-A)+ [ HU,(r)dr  (18)
-4,
Error between Eq.(15) and Eq. (18)is given as Eq. (19)
o, (1)=e"0,(t-A)) (19)
Hence, we have the following equation established from

Eq. (14) to Eq.(19).
S.(1)]<[e™ llo: (r = A, e
This concludes the proof.
2.3 Controller Design
Estimate error is given as Eq.(20).
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é:l(t_Ax):Stl(t_Ax)_Sll (t_Ax) (20)
We rewrite Eq. (22) as Eq. (21).
S, (t=2)=8,(t-4,)-S,(t-A,) 21
As that constructions of six subsystems( x, y,z,4.0,¢ )
are equal, so by utilizing x subsystem as an example to
introduce the design of controller. Estimate error is given as
(22)
dl(t_Al):)%l(t_Al)_xl(t_Al) (22)
Thus, 8, (1—A,)=%,(1=A))—x,(t—A))
Therefore, the designed sub-observers Eq. (8) and Eq.(9)
can be equivalent to Eq.(23).

% (t) =1, (t)_(kll _A1k12)511 (Z_Al)
i (23)
2 (0)=U, (1)~ k3, (1-4,)
Define system trace error as Eq. (24)
{eu :)Afl(t)_xd 24)
€p =X, (t)_xd
Where x,, is desired position.
Substituting Eq. (24) into Eq. (23)
{ell_elz_(kll_Alklz)gl](t_Al) 25)
e, =U, —k;,5, (t_Al)_xd
By choosing assistant variable (28)
h=a=n (26)
Note the Eq. (27)
7 :_kplell+(kll_Alklz)é‘ll(t_Al) 27)
Where kp>0, substituting Eq. (27) into Eq.(25), Eq. (28)
is given.
e, =1 _kp]ell
(28)
n=U,—k,o, (t_Al)_xd ~

Design of controller is given as Eq. (29).
U, :_en_kd|771+k12511(t_A1)+xd 7 (29)
Where, k, >0 next, going with stability analysis.

Choose the Lyapunov function
V= %ef] + %77]2
And derivative of the Lyapunov function is presented as.
V=e e, +nn
=e, (771 —kplell)+771 (U1 -k, (t—Al))—xd -7
=e,m, —kplelz1 +7, (—e11 kg + k6, (1=A)) k8, (1= A, ))
= ey ke — et — kil

= (_kp]elzl _kd17712 ) <0

Theorem 2: Lyapunov Stability

For continuous nonlinear time-invariant autonomous
system. Only when €, =77 =0 thus, = 0.So, the system

is stable. Similarly, the other five controllers presented in
Eq. (30) are obtained.

U, =—e, —k,,n, +k,,0,, (Z—A2)+ Yo+,
h=¢ey=7

7, =~k 08, +(ky = Ak, )6, (1= A,)

U, =—e;, =kt + k3,63, (1=Ay) + 2, + 7,
N,=€5=7;

Vs =k e +(k31 —A3k32)531 (I—A3)

U, =—ey, —k,, +k,6, (1=A)+¢,+7,
N =€n=7s (30)
Ve ="k, -&—(k41 —A4k42)541 (t—A4)

Us =—eg =k 515 + ki, 05, (t—A5)+9d +¥s
s =€, = 7s

Vs = —kpse51 +(k51 _A5k52)551 (t—AS)

Uy =—e5 — ks + k06, (1= Ay )+ 0, + 7
Ms =€ ~7s

Ve = K, + (kg = Agkgy ) 55, (1= D)

3 Simulation Results

In order to verify the effectiveness of the proposed
method in the presence of system parameter uncertainties,
we evaluated our solution in lots of simulations. The
corresponding system and controller parameters are
tabulated in Table 1 and Table 2.

Tablel. System parameters

Variable Value Units
m 2 kg
— 2

J, _Jy 0.2 kg-m
J 0.05 kg~m2
/ 0.215 m
g 9.8 m/s’

Table2. Control parameters

variable value

ky 2
kiz 1

]%1 2.5

ky 3
ky, 2
K :
]%2 2

3

k, 2
The desired trajectory of x, y and z axis all are constants
marked by 1.The actual trajectory can track the desired
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trajectory in short time of twenty seconds and tracking errors =
are limited in small range presented in Fig.2 and Fig.3. The \
control force outputs of quadrotor are plotted in Fig.4, the 0 10 20 30 40 50 60 70 8 9 100
upper bound is 23N in the initial time in the context of the L

5
initial errors and the stable value is limited in the specified Z 0 M"\f RnnmmpmenH

range. Fig.5 presents interspace trajectory tracking and the

Total force
L I L I I L . n n

. ; A ; - 0 10 20 30 40 50 60 70 8 90 100
blue circle presented in the figure is the desired position, so t's
we can see that the errors are limited in the allowable range. z 9 I ‘ ! ‘ ‘ i ‘ ‘ ‘
2 - B Pitch component
7 I | | ‘ | | : : :
By~ oty 0 10 20 30 40 5 60 70 80 9% 100
% = == : Anticipant trajectory s
0 - z 10 . : . ; : : ‘ ‘
0 10 20 30 40 50 60 70 80 20 100 2 5‘, ﬂ{
t's Fiug 0 p
2 e e e 0 10 20 30 40 5 60 70 80 90 100
% 7" Actual trajectory t's
= = = s Antici 1t trajectc :
2 PRI Fig.4.The output curve of control force
0 10 20 30 40 50 60 70 80 20 100
t's
2
€ Actual trajectory 15
b1 1 = == Anticipant trajectory

0 10 20 30 40 50 60 70 80 9 100 i

s €
. . )
Fig.2.Tracking X, y and z curve g
01 - : . : : : : : :
::":: Actual trajectory
:i e — — - Anticipant trajectory 0
01 L L L L L L L L L U8 =N
0 10 20 30 40 5 60 70 8 90 100 1 < 2

im -0.5
}\/‘ Actual trajectory y 0 i
= = : Anticipant trajectory

theta(rad)
o

G Fig.5.Trajectory of the quadrotor in the space

0 10 20 30 40 50 60 70 80 20 100

, vs 4 Conclusion
?21 == In the paper, we carry out a resea}rch of designing a
& I T e dynamically feasible trajectory tracking strategy which

SRR B drives an underactuated quadrotor to track a given reference

S . . .
Fig.3.Attitude tracking curve trajectory in the aerial space. Based on the delayed-output

observer, six controllers are designed to stabilize minimum
phase and nonlinear phase parts, separately. Furthermore,
we are pursuing the algorithm which takes external
disturbance such as a gust of wind into account. We future
work is aimed at planning a more dynamically feasible
trajectory tracking solution that meets the need of more
controllers than the number shown here. There are four
controllers in the paper and the model operates in the ideal
condition, so it has several disadvantages in the realistic
conditions. Finally, we are interested in thinking about more
novel solutions for optimizing and adapting the trajectory
parameters to solve differences between the analytic model
and actual.
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